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Instructions : (1) Answer all the questions
(2) Each question carries 14 marks.

(3) Vector spaces considered here are finite-
dimensional

1 Answer any seven : 7x2=14
(@ When is an element 7' € 4Ap (V) said to be invertible?
If T € Ag (R<7)) is invertible, then find (7).
(b) Why does there exist no vector space V over R such
that dimp Ap (V) =857

() Let T e Ap (V) and let p<x> be the minimal polynomial
of T over F. If X\ € I' is a characteristic root of T, then
show that p(X\)=0.

(d) When are T,S € Ap (V) said to be similar?

@ Let T:Q) - @) be defined by 7(1,0.0)=(0,1,0),
7(0.1,0)=(0,0.1),7(0,0,1) = (0,0,0) and extend T
linearly to the whole of Q(3>_ Verify that 7' is nilpotent

and find the index of nilpotence of 7.
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(f) Let A€ Rs. When is A said to be a basic Jordan block
belonging to /13 ?
(g) State Cramer's rule.
(h) Let (V,<,>) be an inner product space over C. Let
N € Az (V) be normal. If u v € KerN, then show that
ve Ker N
(i) Let (V,<.>) be as in (k). If T € Az (V) is Hermitian,
then show that < T(v),v >c R for any ve V.
() State the polarization identity.
2  Answer any Two : 7x2=14
(@ () LetTeAp (V) Prove that T satisfies a nontrivial
polynomial q(x) € F[x].
() If TeAp (V) is invertible, then show that T -1
is a polynomial expression in 7 over F.

(b) If V is a n—dimensional vector space over a field F,
then prove that Agp (V) and F, are isomorphic as
algebras over F.

(c) Let T.S¢c Ap (V) If S is regular, then show that 7T

and ¢7¢—! have the same minimal polynomial.

3 (@) If m is the index of nilpotence of a nilpotent 5

TeAp (V) and if vV 1is such that T”l_1 (v)zO,
then prove that {V,T(V> ----- (i <V>} is linearly

independent over F.

(b) Let V=V ®V,, where J| and V5 are invariant 5

under 7' € Ag (V) If p; (x) € F[x] is the minimal
polynomial of 7 |Vl for each i e {1,2}, then show that
the minimal polynomial of 7' over F'is the least common

multiple of p; (x) and p, (x)
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(¢©) Let A,B€F, Show that tr(4B)=1r(BA). 4
OR

3 (a) Let 7.5 € Ap (V) be similar. Show that given a basis 5
By of V over F, there exists a basis B, of V over F

such that the matrix of 7'in B; equals the matrix of

S in BQ.

(b) Prove that any T € Ap (V) satisfies its characteristic 5
polynomial.

(c) Let A€ C, be Hermitian. Show that any 4

characteristic root of A is real.

4  Answer any Two : 7x2=14

@ If dimp(V)=n and if Te€Adp(V) has all its

characteristic roots in F, then prove that T satisfies
a polynomial of degree n over F.

(b) Let A€ F,. Show that det(4)=det(4’).

(¢) Let A€ F, and suppose that K is the splitting field
of the minimal polynomial of A over F. Show that there

is an invertible matrix C ¢ K, such that CAC*1 s
in Jordan form.

5 Answer any Two : 7x2=14
(@ Let T'cAp (V) If V is cyclic relative to 7, then prove
that there exists a basis B of V over F such that the
matrix of 7 in B is C(p(x)), where p(x) is the
minimal polynomial of 7 over F.

(b) Let (V,<,>> be an inner product space over C. Let

T e A(C<V) Show that T is unitary if and only if it

takes an orthonormal basis of V into an orthonormal
basis of V.

(¢) Let Vbe a vector space over R and let f be a symmetric
bilinear form on V. Prove that there is a basis B of
V that the matrix of f in B is diagonal.

(d) Let n>1. Show that the mapping f: F, — F,, defined
by f(A):A’ is an adjoint of F,.
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